We show that at low pressures the spectral widths of the power spectra of laser-trapped particles are nearly independent from pressures and, due to the nonlinearities of the trap, reflect the thermal distribution of particles. In the experiments with nanoparticles trapped in an optical lattice, we identify two distinct features of the widths. First, the widths along an optical lattice are much broader than those in the other directions. Second, the spectral widths are narrower for larger nanoparticles. We develop a theory of thermal broadening and show that the spectral widths normalized by the frequencies of the center-of-mass motion directly reveal the ratio of the thermal energy to the trap depth. The presented model provides a good understanding of the observed features. Our model holds also for smaller particles such as atoms and molecules and can be readily extended to the general case with a single-beam optical trap.
I. INTRODUCTION
Recent studies on optomechanical systems have shown remarkable progresses in controlling the motional state of nanoand micro-mechanical oscillators via light [1] . These systems are promising platforms for diverse applications ranging from the investigation of macroscopic quantum phenomena [2] [3] [4] and the sensitive detection of weak forces [5] [6] [7] [8] and small masses [9, 10] to the studies on non-equilibrium physics at the nanoscale [11, 12] . Among various optomechanical systems, optically levitated nanoparticles have a salient advantage that they are not in touch with any other objects and can potentially have an extremely high quality factor of 10 12 [13] [14] [15] [16] . Great efforts have been made to cool the center-of-mass motion of nanoparticles and have demonstrated temperatures of the order of 1 mK, close to its quantum ground state [13, 14, [17] [18] [19] [20] .
In studies with optomechanical systems, a power spectral density (PSD) of the motion of the oscillator plays a central role in understanding and controlling its behavior. It has been well known that the profile of a PSD of levitated particles is given by a Lorentzian function, with spectral widths being the damping rate determined by the background pressure [13, 14, 20, 21] . Because the relation between the pressure and the damping rate depends on the mass of particles, the spectral widths extracted from PSDs have served as a crucial means to estimate the mass (and thus the radius) of trapped nanoparticles.
In this article, we show that the spectral widths of the PSDs at pressures lower than tens of Pa are nearly constant and determined dominantly by the thermal broadening. Accordingly, the spectral profiles at low pressures significantly deviate from the Lorentzian function. The observed spectral widths at low pressures strongly depends on the direction of the motion as well as on the size of the nanoparticles. These behaviors are caused by the nonlinearities in the optical dipole force, which lower the frequency of the center-of-mass motion (trap frequency) under finite oscillation amplitudes. We identify two physical mechanisms for broadening: the anharmonicity and the cross-dimensional couplings. The former effect means a deviation of an optical potential from a harmonic potential, while the latter effect means that finite oscillation amplitudes in orthogonal directions effectively lowers the trap depth and hence the trap frequency. We derive a theoretical model accounting for both effects and show that the spectral width normalized by the trap frequency is directly connected to the ratio of the thermal energy to the trap depth. Our model explains the observed features well. With a slight modification on numerical coefficients representing nonlinearities, our model can be readily extended to a more general case with a single-beam optical trap.
The present study is closely related to the study on thermal nonlinearities [7] , where they investigated the shift of the trap frequency introduced by the nonlinearities of the optical force. In most part of their study, they applied feedback cooling to the orthogonal motions, which means canceling the crossdimensional coupling, and focused on the one-dimensional problem of how the anharmonicity of the trap shifted the trap frequency. They did not explicitly explore the spectral widths. By contrast, the present study provides detailed investigations of the widths without applying feedback cooling and therefore deals with the three-dimensional problem. We also provide a new perspective on the relation between the width and the particle size.
II. EXPERIMENTAL SETUP
Our setup is based on previous experimental studies on feedback cooling the center-of-mass motion of nanoparticles optically levitated in vacuum [14, 20] . Here we briefly describe our setup. The schematic of our experimental setup is shown in Fig. 1 . A single-frequency fiber laser at a wavelength of 1550 nm with a power of about 300 mW is used for both trapping and detecting the motion of trapped nanoparticles. A high-numerical-aperture lens focuses the trapping beam to beam waists of about 1.7 µm and 2.0 µm in x and y directions, respectively. Another lens placed after the focusing lens is used for both collimating the trapping beam and collecting the scattered light from nanoparticles. The trapping beam is retro-reflected to form a standing-wave trap, namely, a one-dimensional optical lattice commonly used in cold atom experiments [22] . As a result, the trap frequency in the z direction is much higher than in the other directions; the trap frequencies are about 36, 54, and 230 kHz × 2π in the x, y, A single-frequency fiber laser at 1550 nm is retro-reflected to form a one-dimensional optical lattice. A cylindrical lens pair, inserted in front of the chamber, is used for making an elliptical beam such that the trap frequencies in x and y directions are sufficiently separated. The three-dimensional center-of-mass motion of the nanoparticle is measured via a balanced photodetector. The nanoparticles are imaged on a CMOS camera from the side viewport. For imaging, we use a green diode laser at 532 nm overlapped with the trapping beam. The side viewport is also used for extracting the fluorescence from the nanoparticles, namely, the nanoparticles' Rayleigh scattering of the trapping beam. The acoustic optic modulator in front of the lower photodetector is used for precisely adjusting the offset of the balanced signal. The vacuum chamber is evacuated by a turbo molecular pump and a scroll pump that are not shown in the figure. and z directions, respectively.The three-dimensional motion of trapped nanoparticles is observed via a balanced photodetector, where the signal of the light without nanoparticles is subtracted from that of nanoparticles. For each measurement, we record the signal for 1 s. The PSDs are obtained by performing a Fourier transform to the recorded data on a computer. The time duration for the Fourier transform is chosen to be 200 ms, which is sufficiently longer than the Fourier limit of the observed narrowest spectrum (about 2π × 50 Hz). From a single data set with a duration of 1 s, we obtain five independent PSDs and extract the spectral widths from each. The standard deviation of the five values allows us to estimate errors in fitting.
The Rayleigh-scattered light from trapped nanoparticles is collected also through the upper viewport. The scattering of an imaging beam at 532 nm, overlapped with the trapping beam, is shone on a CMOS camera for acquiring the information on the number and the positions of trapped nanoparticles (Fig. 2) . The magnitude of the scattering of the trapping beam is measured with an additional photodetector. This signal, which hereafter we call a fluorescence signal, provides a reliable means to estimate the relative size of trapped nanoparticles. In the present study, the observed fluorescence signals are ranged between 0.04 and 50 µW. ticles into the trap region, we introduce a mist of ethanol including silica nanoparticles with radii of about 60 nm into a vacuum chamber at atmospheric pressure. After we observe trapped nanoparticles on the camera, we evacuate the chamber to arbitrary pressures. Below 0.6 Pa, nanoparticles escape from the trap. Hence, we investigate the spectra at pressures above 0.6 Pa.
The main feature of our setup lies in the optical lattice structure of the trap region. As a result, we are able to trap multiple nanoparticles at the same time as shown in Fig. 2 . Trapping multiple nanoparticles in a standing-wave trap, formed by two counter-propagating beams emitted from two optical fibers, has been reported [23] . In our setup, we are able to adjust the position of the trapped nanoparticles by controlling the position of the retro-reflecting mirror. Such a feature is necessary for the two following reasons. First, during the evacuation process, the position of trapped nanoparticles has to be adjusted to compensate a slight variation of the refractive index from that of air to that of vacuum, because such a variation in the refractive index shifts the standing wave by about 50 µm in our setup. Second, by pushing nanoparticles away from the focus of the beam, we are able to release them. In this way, we control number of remaining nanoparticles relevant to experiments. In the present study, we prepare a situation with only single nanoparticles trapped at the focus of the beam.
III. THEORETICAL DESCRIPTION OF THE THERMAL BROADENING
A previous study on thermal nonlinearities in the motion of trapped nanoparticles mainly focuses on a Duffing nonlinearity arising from the anharmonicity of the Gaussian distribution of a laser beam [7] . Although their theoretical framework starts with a general three dimensional problem, they simplify it to a one-dimensional problem because in their study the motions in the orthogonal two directions are suppressed by feedback cooling. On the contrary, we are interested in a situation where no feedback cooling is applied. Here we extend the formalism in ref. [7] such that both the anharmonicity and the cross-dimensional couplings are considered.
The purpose of this section is to find expressions of the thermal spectral widths on the basis of three dimensional equations of motion. We first derive an expression of the optical dipole force taking into account nonlinearities to the first order. The spatial distribution of the optical potential created by a one-dimensional optical lattice beam is approximately given by [24] U(x, y, z) ≈ −U 0 cos 2 2πz
where U 0 is the depth of the potential, λ is the wavelength of the beam, w x and w y are beam waists in x and y directions, respectively. Here, we assumed that the confinement in the z direction dominantly arises from the standing wave and ignored the intensity variation due to a beam divergence. The trap frequencies, without taking into account nonlinearities, are written as follows:
The optical dipole force exerted by the trapping beam is obtained by differentiating eq. (1) and can be approximated to the first order by
We define nonlinear coefficients ξ
k such that the j-th component of the force (3) is expressed by them as follows:
where l j is a spring constant in the j-th direction and {k, j} ∈ {x, y, z}. The nonlinear coefficients are then related to the beam waists and the wavelength as given in Table I . Note that, for dealing with the case of a single-beam trap, only the nonlinear coefficients in the z direction have to be modified. With modified coefficients, the following arguments on the spectral profiles and the spectral widths of PSDs hold also for a single-beam trap.
Using the nonlinear coefficients in Table I , we can write down the three dimensional equations of motion as follows: 
where ε j and ω j are the amplitude of parametric modulation and the modulation frequency of parametric driving in the jth direction, respectively. The terms of parametric driving are necessary to find actual trap frequencies in the presence of thermal motions [7] , whereas terms relevant to feedback included in ref. [7] are omitted here. The damping coefficient Γ 0 is proportional to the background pressure P [25] :
where a is the radius of nanoparticles, d m is the diameter of air molecules, ρ is the density of nanoparticles, φ is the viscosity of air, k B is the Boltzmann constant, and T air is the temperature of the surrounding gas. Following the approach of ref. [7] , based on the secular perturbation theory, we introduce a dimensionless slow time scale τ given by
where κ j corresponds to the inverse of the quality factor of the center-of-mass oscillation in the j-th direction and is smaller than unity at low pressures relevant to this study. We take the ansatz that the solutions of eqs. (5) are written in the following form:
A j e iΩ j t + c.c.
where q j0 is a time-independent scale factor and A j is a timedependent complex amplitude of the dynamics. The time derivative of A j is written aṡ
The terms relevant to eqs. (5) are then given bẏ
ε j q j cos ω j t = ε j q j0 4 A * j e iΩ j t e i(ω j −2Ω j )t + c.c.
where c.c. denotes complex conjugates and we ignored fast oscillating terms. The last term (14) represents the crossdimensional coupling that is introduced in the present study.
Similarly to ref. [7] , we define rescaled parameters for Γ 0 and
Substituting eqs. (10-15) into eq. (5) and considering the terms proportional to exp (iΩ j t) yields
where we assumed that 2Ω j is sufficiently separated from Ω k for any combination of { j, k}. This is the case with the present study.
Considering that κ j is smaller than unity at high vacuum, we ignore higher order terms of O(κ 2 j ) and obtain
Here we rewrite A j as
with δ j = (2 − ω j /Ω j )/κ j . Substituting eqs. (18) into eqs. (17), we obtain
The real and imaginary parts of these equations can be separately written as
For recovering equations without rescaling, we apply the inverse of the rescaling (15) to eqs. (20, 21) and arrive at equations for the amplitude Q j = q j0 p j and the phase φ j :
The actual trap frequency ω j /2, which takes nonlinearities into account, is obtained by considering the steady state solution of eqs. (23), namely, dφ j /dt = 0 at weak parametric driving ε j ≈ 0:
These equations indicate that the actual trap frequency is lowered by finite oscillation amplitudes in any direction. The second terms in the right hand side of eqs. (24) represent the cross-dimensional couplings, whereas the third term represents the anharmonicity of the trap. Due to collisions with background gases, the oscillation amplitudes fluctuate (Fig. 3) . Amplitude fluctuations in a specific direction broadens the widths in the orthogonal two directions through the cross-dimensional couplings as well as the width in this direction through the anharmonicity. In reality, the oscillation amplitude fluctuates in all directions; therefore, the spectral widths are influenced by the motion in all directions.
Our goal is to relate the temperature of the center-of-mass oscillation T NP to the spectral broadening via nonlinear frequency shifts in eqs. (24) . The oscillation amplitude in the j-th direction is written by 
FIG. 4. (color online).
Histogram of the energy of a single trapped nanoparticle in the z direction. The horizontal axis is normalized with the assumption that the center-of-mass temperature of the nanoparticle is 300 K. We observe a clear exponential form consistent with the Boltzmann distribution.
where K j denotes the temporal center-of-mass energy of nanoparticles in the j-th direction. The energies K j are expected to follow the Boltzmann distribution, which we experimentally confirm by taking the histogram of the observed signal (Fig. 4) . Substituting eq. (2) and eqs. (25) into eqs. (24), with nonlinear coefficients of Table I , we obtain expressions for the temporal trap frequency in the j-th direction:
where E denotes the total center-of-mass energy and numerical factors c j is 2/3 for j = z and is 1 for other cases.
Here we assumed that the energy is equally distributed among each direction. The probability distribution of E follows the Maxwell-Boltzmann distribution in three dimensions: (27) From eqs. (26, 27) , we obtain the spectral profile of the thermal fluctuation for
The peak of this function lies at
For a small displacement near the peak δ = ∆Ω j − ∆Ω j0 , eq. (28) is approximated by a Gaussian function:
Thus, we arrive at a representation for the spectral width:
We anticipate that actual spectral profiles are given by the Lorentzian function [14, 20] S Lor (ω) = 2k B T air πm
weighted by the thermal distribution of eq. (28).
IV. COMPARISON OF EXPERIMENTS AND THEORY
We investigate the PSD of laser-trapped nanoparticles in a pressure range between 0.6 and 600 Pa. The observed PSDs for a fluorescence signal of 0.49 µW are shown in Fig. 5 . At high pressures above tens of Pa, the spectra fit very well with the Lorentzian function for any directions regardless of the size of nanoparticles. However, at lower pressures and for small nanoparticles, the observed profiles deviate from the Lorentzian function. The deviation is the most pronounced in the z direction (Fig. 5) , where the profile is nearly a Gaussian function. For even smaller nanoparticles, we observe asymmetric near-Gaussian profiles for three directions (Fig. 6) . Profiles for very large nanoparticles (with fluorescence signals of the order of 10 µW) fit well with the Lorentzian function for any directions.
The dependence of the observed width on the pressure is shown in Fig. 7 . At pressures above tens of Pa, where the spectra are well described by the Lorentzian function, the widths are nearly identical among three directions and are proportional to the pressure. Such a behavior indicates the damping of nanoparticles' motion by collisions with background gases and is consistent with eq. (6). At low pressures, where the profiles deviate from the Lorentzian function and are closer to Gaussian functions, the widths settle to values that are nearly independent from the pressure. Here the widths in the z direction are much broader than those in the x and y directions.
Our observations are understood as follows. At high pressures, broadenings dominantly arise from the damping (6) and therefore the profiles agree well with the Lorentzian function. However, at low pressures the contribution of the damping (6) becomes smaller and that of the thermal fluctuation (31) is dominant. As a result, the profiles are closer to the Gaussian function (30). Because the broadening due to the thermal fluctuations (31) is proportional to the trap frequency, the widths in the z direction, in which the trap frequency is much higher, are much broader than those in x and y directions.
A previous work reported that taking a short duration for Fourier transform revealed an original narrow Lorentzian profile, while a long duration for Fourier transform resulted in a broad spectrum [7] . However, in our experiments, the spectral widths are nearly independent from the duration for Fourier transform. In the previous work, they focused on the thermal behavior in a specific direction and applied feedback cooling in the other two directions. By contrast, we investigate the situation without feedback cooling, implying that the cross- dimensional couplings broaden the spectral width even with a short duration for Fourier transform.
In the following discussions, we focus on how the thermal broadening depends on the size of nanoparticles. We first find a correspondence between the nanoparticles' radii and the fluorescence signal. We convert the slope of the pressure dependence at high pressures into nanoparticles' radii by using eq. (6). Fig. 8 plots the derived radii with respect to the flu- orescence signal. The observed radii range between 20 and 120 nm and their mean value is in consistent with the specification of our sample (60 nm). The observed radii have large scatters, which we interpret as follows. The fluorescence signal is based only on radii, whereas the radii obtained from the slope depends also on the density of nanoparticles. Because we are interested in the interaction of nanoparticles with the trapping beam, hereafter we employ the fluorescence signal as a measure of the size of nanoparticles.
The spectral profiles at low pressures can be nearly Gaussian functions, for which fitting with the Lorentzian function may result in wrong fit values. For the systematic comparison of the observed widths among nanoparticles with largely different sizes, we fit the spectra at 0.6 Pa with Gaussian functions and extract the thermal widths for each. Although the extracted widths largely differ among three directions, we find that the widths normalized by the trap frequencies nearly fall on a single line in a wide range of the fluorescence signal (Fig. 9) . Such a behavior is in good agreement with our model in Sec. III. Although our model predicts a slight difference in widths of about 17 % between x, y and z directions, we are unable to find a systematic difference among the three directions within the error of our measurements. Our model implies that the values of k B T NP /U 0 are directly obtained from the observed normalized widths. From Fig. 9 , we find that the ratio k B T NP /U 0 is ranged between 4 × 10 −3 and 1 × 10 −1 . Assuming that the temperature of the centerof-mass motion T NP is 300 K, we estimate that the trap depth U 0 is ranged between k B × 3 × 10 3 K and k B × 7 × 10 4 K. For testing the validity of our model quantitatively, we compare the value of U 0 estimated from the spectral widths with that from a calculation based on the polarizability. On the one hand, at a mean radius of 60 nm, we estimate that U 0 ≈ k B × 1.5 × 10 4 K from the width. On the other hand, the trap depth is related to the intensity of the trap beam I 0 as [16] 
where c is speed of light and ε r = 2.1 is the dielectric constant of silica at 1550 nm. With our beam intensity of I 0 = 21 MW/cm 2 , the trap depth is calculated to be k B × 1.7 × 10 4 K. Thus, our estimation from the spectral width is in good agreement with the purely calculated value. The power-laws obtained from the fit in Fig. 9 are -0.44(1), -0.39(1), and -0.44(2) in x, y, and z directions, respectively. According to our model, the thermal broadenings are proportional to k B T NP /U 0 , which scales as a −3 because of the scaling of U 0 ∝ a 3 as shown in eq. (33). The fluorescence signal is expected to scale as a 6 because the scattering of the trapping beam by nanoparticles is in the regime of Rayleigh scattering (a ≪ λ ). Thus, theoretically we expect that the power-law of the normalized widths with respect to the fluorescence signal is −0.5. This value is in reasonable agreement with our observation.
The slight deviation in the power-laws can, in principle, arise from laser absorption for the following reason. The larger the nanoparticles, the higher the internal temperature of laser-trapped nanoparticles, because the absorption scales with a 3 while cooling by surrounding gases scales with a 2 . As reported in ref. [11] , when the internal temperature of a nanoparticle is higher than the temperature of the surrounding gases, it heats the colliding molecules and eventually heats the center-of-mass motion of nanoparticles as well via the backaction. Therefore, the larger the nanoparticles, the higher the center-of-mass temperature. This means k B T NP ∝ a n with n being positive and alters the power-laws in Fig. 9 .
V. CONCLUSION
We investigate the PSD of nanoparticles trapped in onedimensional optical lattice in vacuum. At high pressures, the spectra are in good agreement with the profile expected from the model based on the damping with background gases. In this pressure regime, the widths linearly scales with the pressure. However, at pressures lower than tens of Pa, the spectra deviate from such a profile and become closer to a Gaussian profile. Here the widths do not scale with the pressure and nearly saturate to values specific to the orientation and the size of nanoparticles. For the z direction, in which a standing wave is formed, the widths are much broader than those in the other two directions. We develop a theory to explain the widths at low pressures as broadenings originating from the thermal motions in three directions. We experimentally confirm the two important aspects of our model. First, the widths normalized by the trap frequency are nearly identical among three directions. Second, the normalized widths directly reveals the ratio of the thermal energy of nanoparticles to the trap depth.
Our results are readily extended to the general case of a single-beam optical trap only with a slight modification on nonlinear coefficients. Furthermore, we believe that our results are generally the case with smaller particles such as atoms and molecules. The agreement between theory and experiments implies that the trap frequency is shifted by eq. (29) due to the thermal motion. Such a shift has been an important issue in the precision measurement with ultracold atomic gases [26] .
In the present study, the PSD is fit either by the Lorentzian function or by the Gaussian function for clarity. Investigating the combined profile of the Lorentzian and Gaussian functions in the intermediate situation will be important future work. The detailed analysis of the spectral profile itself can provide the information on the nanoparticles' size.
We expect that parametric feedback cooling of the centerof-mass motion [14, [17] [18] [19] [20] 27] , which can lower the temper-ature to a millikelvin regime, allows more elaborate studies on the relation between the widths and the thermal energy. Once the temperature is lowered to such a regime, the contribution of the thermal broadening to the widths is expected to be of the order of 1 mHz and is negligibly smaller than the broadening due to the damping.
The method of studying the widths with respect to the size of nanoparticles is generally applicable to nanoparticles of other species. The widths at low pressures provide the important information on the ratio k B T NP /U 0 , which is useful not only to estimate the trap depth but also to observe if T NP is dependent on the size of nanoparticles. Indirectly, the information on T NP tell us the extent of heating due to laser absorption.
